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Abstract 

Generalizing the known results on graded rings and modules, we 
formulate and prove the equivariant version of the local duality on 
schemes with a group action. We also prove an equivariant analogue 
of Matlis duality. 



(N 

1> ' 1. Introduction 

00 

^ ! This paper is a continuation of [9j, and study equivariant local cohomology. 

I In this paper, utilizing an equivariant dualizing complex, we define the G- 

^ ' sheaf of matlis, an equivariant analogue of the injective hull of the residue 

^ ' field of a local ring. Using this, we formulate and prove Matlis and the local 

O ■ duality under equivariant settings. 

Let i? be a Gorenstein local ring, T = R[xi, . . . ,Xs] he the graded poly- 
I nomial ring with := degXj positive, / a homogeneous ideal of height h, 

^ I and A := T/I. Assume that A is Cohen-Macaulay of dimension d. Set 

ut := T(— r), where r = denotes the shift of degree. Set 

UA ■■= Ext§;(A,cjT). For a graded A-module M, set := Sig^Ml-, 
where (?)^ = Homij(?, where is the injective hull of the residue 
field of R. Note that is a graded A-module again. Note also that 
*HomA(M, A"^) = (see for the notation *Hom, P page 33]). 

For a finite graded A-module M, we have an isomorphism of graded A- 
modules 

W^{M) = Ext'!^-'{M,iUA)\ 
cf. P, Theorem 3.6.19], see also Corollary 15.51 
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The main purpose of this paper is to generahze this graded version of 
local duality to more general equivariant local duality. Note that a graded 
module over a Z-graded ring is nothing but an equivariant module under 
the action of Gm = GLi, see ^ (II. 1.2)]. On the way, we prove some basic 
properties on equivariant local cohomology. 

In this introduction, let 5* be a noetherian scheme, G a flat 5'-group 
scheme of finite type, and X a noetherian G-scheme. In order to establish an 
analogy of the local duality on X, we need to define an equivariant analogue 
of a local ring or a local scheme. This is done in pj, and it is a G-local 
G-scheme. So let X be a G-local G-scheme. That is to say, X has a unique 
minimal nonempty G-stable closed G-subscheme, say Y. Next, we need to 
have an equivariant analogue of local cohomology. This is the main subject 
of [9]. Finally, we need to have an analogy of the Matlis duality. In other 
words, we need to have an analogue of the injective hull of the residue field 
of a local ring. The authors do not know how to define it quite generally. 
However, if X has a G-equivariant dualizing complex (see for the definition, 
[3 chapter 31]) Ix, then we can define it as the unique nonzero cohomology 
group of -RTy (Ix). We call this sheaf the G-sheaf of Matlis. Thus we can for- 
mulate the equivariant local duality. The proof depends on the isomorphism 
Sj, see below. 

Many ideas used in this paper have already appeared in the theory of 
graded rings [3], [1], PP, [ID]- If -ff is a finitely generated abelian group, then 
letting G = SpecZif, where "ZH is the group algebra of H over Z, an H- 
graded algebra is nothing but a G-algebra, and for a G-algebra A, a graded 
y4-module is nothing but a (G, y4)-module. However, we need to point out 
that for a general G and a G-local G-algebra {A, dJl) with the G-dualizing 
complex I, the global section of the G-sheaf of Matlis Ea is not necessarily 
injective as a (G, 74)-module, see Example 15.71 In particular, is not the 
injective hull of A/DJi in the category of (G, y4)-modules. 

Using the G-sheaf of Matlis, we can prove a weak version of the Matlis 
duality, too. It is a duality from the category of coherent (G, Cx)-niodules 
of finite length to itself, see Theorem 4.17. Note that a better Matlis duality 
exists over a complete local ring. It is a duality from the category of noethe- 
rian modules to the category of artinian modules ([11 Theorem 3.2.13]). The 
authors do not know a good analogue of a complete local ring, and thus 
cannot give an equivariant Matlis duality between noetherian quasi-coherent 
(G, (9x)-niodules and artinian modules in general. However, there is an ex- 
ample of graded case of that kind of duality, see Remark 15. 6[ 
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Section 2 is preliminaries. We give some basic properties of the duality 
map in a closed category. We also give some sufficient conditions to guaran- 
tee that injective objects in the category Qch(G', X) is acyclic with respect 
to some cohomological functors. We also prove a generalization of the flat 
base change ([9l Theorem 6.10]), see Lemma [2.141 We also describe the lo- 
cal cohomology over a diagram of schemes using the inductive limit of Ext 
groups, as in the single-scheme case. 

Section 3 treats the map For a small category /, an /"^-diagram of 
schemes X, an open subdiagram of schemes U of X, and an open subdiagram 
of schemes V of f/, there is a natural map 

f) : r^,y Homo^(A^,A/') ^ Hom0^(^,r^^^Ar) 

for M^M G Mod(X). There is an obvious derived version of it, and 
is often an isomorphism (see Lemma 13.161 and Theorem 13.261) . This is the 
key to the proof of the equivariant version of the local duality. In order 
to establish the existence and some basic properties oi 9), we need to prove 
various commutativity of diagrams. To do this, we utilize the basics on closed 
categories as in [3, chapter 1]. 

In section 4, we formulate and prove the equivariant analogues of Matlis 
and the local duality. We start with Matijevic-Roberts type theorem for 
G-local G-schemes, and prove an equivariant version of Nakayama's lemma, 
which is well-known for affine case. 

In section 5, we give an example of the graded case. Note that in some 
cases, Matlis duality can be in more general form than the version described 
in section 4, see Remark 15.61 

2. Preliminaries 

(2.1) We use the notation and terminology of [7j, [H], and [S] freely. 

(2.2) Let X be a symmetric monoidal closed category (see [HI (3.5.1)]), 
and b,d E X. Then we denote the composite map 

b ^ [[b, d],b® [b, d]] ^ [[b, d], [b, d]^b]^ [[b, d],d] 

by D, and we call it the duality map, where tr, 7, and ev denote the trace 
map [71 (1.30)], the twisting (symmetry) isomorphism (1.28)], and the 
evaluation map JT, (1.30)], respectively. 
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2.3 Lemma. T) is natural on b. Namely, for a morphism (p : b ^ b' , the 
diagram 



[[b,d],d] 

is commutative. 

Proof. Consider the diagram 

b- 



y 

[[h'.dld] 



tr 



tr 



(a) 



[[6, dlb®[b,d]] 



4> (b) 



(c) [[b\d\,b®[b',d\]^[[b',dlb®[b,. 
tr ^ (d) 

[[6', dlb'® [6', d]] -^ISL^ [[b', d], d] ^ ^ [[b, d], d] 



ev 7 



(a) and (d) are commutative by |7i Lemma 1.32]. The commutativity of (b) 



and (c) are trivial. 

2.4 Lemma. For a morphism ip : d ^ d' , the diagram 

b ^[[b, d],d] 



□ 



[[b,d'],d']^[[b,d],d'] 

is commutative. 

Proof. Consider the diagram 

b [[b, d],b® [b, d]] [[b, d], d] 



tr 



(a) 



(b) 



[[6, d'],b®[b, d],b®[b, d']] 

ev 7 (c) 
[[b,d'],d'] ^ 



ev 7 



[[b, d], d'] 

(a) is commutative by [7[ Lemma 1.32]. (b) and (c) are obviously commuta- 
tive. Hence the whole diagram is commutative. □ 
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2.5 Lemma. Let f : X ^ Y be a symmetric monoidal functor [TT, (3.4.2)] 
between symmetric monoidal closed categories. For b,d & X , the diagram 



fb- 



f[[b,d],d\ 



X) 

[[fbjd]jd] 

is commutative. 

Proof. Consider the diagram 

. [[fbjd]jb(»[fbjd]]^ ^ 



H 



H 



■fb- 



tr 



H 



[f[b,d\,fb(^[fb,fd\] 



(a) 
H 



tr 



[f[b,d],fb^f[b,d\] (c) 



ev 7 



(b) 



ev 7 



(d) 



[md]jd] 



ev 7 



[f[b, d], fib [b, d])] ^ f[[b, d],b® [b, d]] 



H 



H 



[[fbjd]jd] 



f[[b,d],d] 



(e) 

ev 7 



(a) is commutative by [3, (1.32)]. The commutativity of (b) is trivial, (c) 
is [TJ (1.37)] and is commutative, (d) is [U (1.36)] and is commutative, (e) 
is commutative by the naturahty of H. □ 

(2.6) A symmetric monoidal functor f : X ^ Y is said to be Lipman if it 
has a left adjoint g : Y ^ X such that the natural maps A : g{b®d) gb®gd 
and C : gOy — > Ox are isomorphisms, see [71 (1.48)]. We also say that (/, fif) 
is a Lipman adjoint pair in this case. 
By Lemma [2.51 we have: 

2.7 Lemma. Let f : X ^ Y and g : Y —>■ X be a Lipman adjoint pair where 
X and Y are closed. Then the diagram 



gb' 



■g[[b\dld'] 
p 



[[gb\gdlgd']^[g\b\dlgd'] 



is commutative. 
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(2.8) Let (X, Ox) be a ringed category. That is, X is a small category, and 
Ox is a presheaf of commutative rings on X. Then for 7V1,A/' G PM(X), the 
map 

^■.M^ HompM(x)(HompM(x)(-M, AT), AT) 
is described as follows. At x G X, 

D : T{x,M) ^ r(x,HompM(x)(HompM(x)(A<,Ar),A/')) 

= HompM(x)/x (HompM(x) iM,Af)\cc, J^\x)) 

is given as follows. For a G r(x, A^), D{a) : Hom pj^^^^) (M. , A/") | ^ — >• A/"|a; is 
the map such that for :?/—>• x, 2)(a)<^ : HompM(x/y)(A/i Ij/j-AAly) — > T{y,J\f) 
is given by !D(a)(^(/i) = h{a). This is proved easily using [3, (2.42)] and [TJ 
(2.41)]. 

(2.9) Let (X, Ox) be a ringed site, and A^,7V G Mod(X). Then the map 

is exactly the same map as the one described in (12. 8p . This follows from [TJ 
(2.49)], Lemma EH and (12:81) . 

(2.10) In the rest of this paper, S denotes a scheme, and G an S'-group 
scheme. We write diagrams of schemes as X,Y, Z, . . . (not as X,, Y,, Z,, . . .). 
Similarly, morphisms of diagrams of schemes are expressed as f , g, h, . . ., not 
as /,, g,, h,, . . . This is a convention in [S]. 

2.11 Lemma. Let I be a small category, and f : X Y be a concentrated 
{i.e., quasi- compact quasi- separated) morphism of I"^- diagrams of schemes. 
Let {Ca) be a pseudo-filtered inductive system of complexes of Ox-fnodules 
such that for each j G /, one of the following holds: 

(a) There exists some rij G Z such that for any a, T-"-^~^{Ca)j is exact {see 

for the definition of t^'^^'^ , see ^ (3.24)]); 

(b) Each point of Xj has a noetherian open neighborhood of finite Krull 

dimension. 

(c) For (XTiy ol J has quasi- coherent cohomology groups. 
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Set C = hm Ca- Then the canonical map 

(1) \im R f,C^ ^ R'f.C 

is an isomorphism for i G Z. //, moreover, each Ca is f^:-acyclic, then C is 
f ^-acyclic. 

Proof. In view of [?', Example 8.23, 2], it is easy to see that it suffices to 
show that 

^i^R'ifj)*Ca,j R\fj)*Cj 

is an isomorphism for each j, to prove that ([T]) is an isomorphism. This is 
(3.9.3.1) and (3.9.3.2) of [H]. 

To prove the last assertion, it suffices to show that each Cj is (/j)*-acyclic. 
This is [m (3.9.3.4)]. □ 

2.12 Corollary. Let f : X —* Y be as in Lemma [2. Ill Let C be a complex of 
Ox-'modules such that each term ofC is locally quasi- coherent and f ^-acyclic. 
Then C is f ^-acyclic. 

Proof. Similar to [TT, (3.9.3.5)]. □ 

2.13 Lemma. Let X andY be S-groupoid {see for the definition, [71 (12.1)]) 

and f : X Y a morphism {in the category V(Am, Sch /S), see for the 
notation, [7i Glossary]). Assume that f is cartesian, Y has affine arrows, 
and assume one of the following: 

(a) Xq is noetherian; 

(b) Yq and /o are quasi-compact separated. 
Then 

(i) / is concentrated and Xq is concentrated. 

(ii) A K-injective complex! in K{Qlch.{X)) is f^-acyclic. 

(iii) The canonical maps 

Fy O Rf^"' = R{Fy O /Q-h) ^ j^^f^ ^ ^ j^f^ ^ 

are all isomorphisms, where Fy '■ -D(Qch(y)) D{Y) and Fx '■ 
D(Qch(X)) D{X) are triangulated functors induced by inclusions, 
and : Qch(X) ^ Qch(r) is the restriction of : Mod(X) 

Mod(F), see [Ii Lemma 7.14]. 
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Proof, (i) In either case, /o is concentrated. Since / is cartesian, each /j 
(i = 0, 1, 2) is obtained as a base change of /o, and hence is concentrated. It 
is easy to see that Xq is concentrated in either case. 

(ii) As / is concentrated cartesian, f^^^ is well-defined O Lemma 7.14]. 
Since Xq is concentrated and X has affine arrows, Qch(X) is Grothendieck 
by [3 Lemma 12.8]. So I has a strictly injective resolution (that is, a K- 
injective resolution each of whose term is injective) J [21 Proposition 3.2]. As 
the mapping cone of I — J is null-homotopic, replacing I by J, we may assume 
that I is strictly injective. By Corollary 12.121 it suffices to show that each 
term of I is /*-acyclic. So we may assume that I is a single injective object 
of Qch(X). Let Iq ^ K he a monomorphism with K an injective object of 
Qch(Xo). This is possible, since Qch(Xo) is Grothendieck (TJ Corollary 11.7]. 
Note that the restriction (?)o : Qch(X) Qch(Xo) has the right adjoint 
(c^o)?*^^ ° see [U Lemma 12.11]. As (?)o is faithful exact, the composite 

I (do)?^"AIo - (rfo)?^"Aif 

is a monomorphism into an injective object. This must split, and hence we 
may further assume that I = {do)'^'^^AK. 

By restriction, it suffices to show that R^{fi)^Ii = for z = 0,1,2 and 
j > 0. Since (?)iA ^ ro{i + 1)* (see for the notation, [7, (9.1)]) and (do) is 
affine, 

Wif^)Ji = R\fi),doi^ + ^)M^ + 1)*^ = ° + ^))M^ + 1)*^ 

= R^idoit + 1) o /,+i),ro(^ + lyK = doit + l),i?^(/,+i),ro(^ + lyK 

= do{t + l)M^ + ^yR'ifo)*K = 

for J > by [7| Lemma 14.6, 1] and its proof. This is what we wanted to 
prove. 

(ill) Follows immediately from (ii). □ 
The following is a generalization of [9l Theorem 6.10]. 

2.14 Lemma. Let I be a small category, h : X' ^ X a flat morphism of 
1°"^ -diagrams of schemes. Let f : U ^ X he an open subdiagram of schemes, 
and g : V ^ U he an open suhdiagram of schemes. Assume that f and g 
are quasi- compact. Let f : U' X' and g' : V' ^ U' he the base change 
of f and g, respectively. Then 5 : h*RV_uy R 
isomorphism between functors from Di^qc{X) to Di^qciX'). 
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Proof. As in the proof of P", Corollary 6.3], we may assume that the problem 
is on single schemes. Consider the map of triangles 



h'RT 



u,v 



h*Rf,Rg,g*r 



h*RT^y[l] 



d9 



ddee 



nmrh* — ^RfiRgUgnnh* 



By pn Proposition 3.9.5], the vertical arrows d6 and dd66 are isomorphisms. 
Hence, 6 is also an isomorphism. □ 

(2.15) Let / be a small category, X an /"^-diagram of schemes, and Y a 
cartesian closed subdiagram of schemes of X defined by the quasi-coherent 
ideal sheaf I of Ox- Assume that X is locally noetherian with flat arrows. 
Then, the canonical map 

: lim Hom.o ., (Cx/X", M)^TyM 

is an isomorphism for Ai G Lqc(X), see [H (3.21)]. By the way-out lemma 
[5l Proposition 1.7.1], we have 

2.16 Lemma. Let the notation be as in (12.151) . Then for ¥ G D^^^{X), 

$y : i?(limHomc,^(Ox/X",?))(F) ^ RTy¥ 
is an isomorphism. In particular, $y induces an isomorphism 



iHSExt^o rOx/X",F) 



= ^V(F). 



□ 



2.17 Lemma. Let X be an S-groupoid with affine arrows. Let U be a carte- 
sian open subdiagram ofX, and V a cartesian open subdiagram ofY . Assume 
that Xq is noetherian. If I is a K-injective complex in -ft'(Qch(X)), then I is 
Tjjy-acyclic. 

Proof. Using [9, Corollary 6.7], it suffices to show that for an injective object 
K of Qch(Xo), (rfo)?'''Ai^^ is Pjy^ ^/-acyclic, as in the proof of Lemma 12J^ 
Applying restrictions, it suffices to show that H^jj, y_{dQ{i + l)^rQ{i + l)* K) = 
for j > and i = 0, 1, 2. By the independence pJl, Corollary 4.17] and the fiat 
base change Lemma r2.14[ this sheaf is do{i + l)*ro(i + 1)* Hjj^ y^K. Since 
K is also injective in Mod(X) [5] Theorem II. 7. 18], it is a flabby sheaf, and 



9 



(2.18) A G-scheme X (i.e., an S'-scheme with a left G-action) is said to be 
standard if X is noetherian, and the second projection p2 : G x X ^ X is 
flat of finite type. 

Let X be a standard G-scheme. We denote the category of quasi-coherent 
(resp. coherent) (G, Ox)-iiiodules by Qch(G, X) (resp. Coh(G, X)). Note 
that the sheaf theory discussed in [3 chapters 29-31] and [H], where we 
assume that G is flat of finite type over S, still works under our weaker 
assumption {p2 is flat of finite type). In particular, Qch.{G, X) is a locally 
noetherian category, and Ai G Qch(G, X) is a noetherian object if and only 
if e Coh(G,X), see [3 Lemma 12.8]. 

(2.19) We say that a standard G-scheme X is G-artinian if there is no in- 
cidence relation between G-prime G-ideals (see for the definition, ^ (4.12)]) 
of X. 

2.20 Lemma. IfX is G-artinian, thenX is a disjoint union of finitely many 
G-artinian G-local G-schemes. 

Proof. Clearly, the set of all G-prime G-ideals Specg(X) agrees with the 
finite set MindOx), the set of minimal G-primes of 0. Thus there are 
only finitely many G-prime G-ideals. For V, Q E SpeCf;(X) with V ^ Q, 
Assg{Ox/{V + Q)) = 0, since there is no G-prime G-ideal containing both 
V and Q. Thus V + Q = Ox. This shows that X = UreSpccaix) '^(^)- As 
each V{V) is clearly G-artinian G-local, we are done. □ 

3. The map ^ 

(3.1) Let / : X — y be a symmetric monoidal functor between symmetric 
monoidal closed categories, and g : Y ^ X its right adjoint. For b & Y and 
c? e X, we denote the composite map 

f[gb,d]-^[fgbjd]^[bjd] 

by i9. 

3.2 Lemma. Let ((?)*, (?)*) be an adjoint pair where (?)* is a covariant 
monoidal almost pseudofunctor on a category S and X^: is a symmetric 
monoidal closed category for X E S. Then for morphisms f : X ^ Y 
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and g :Y ^ Z of S and b,d E Z*, the diagram 



(2) 



{gfrib^d) 



{9fYh®{gfYd 



f*g*(p (g, d) f*{g*b g*d) rg*b (g) f*g*d 

is commutative. 

Proof. Consider the diagram 
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{gfrib d) {gfrUgfUgm ® {gfUgfYd) ^ {gfrigMigfTb (gfyd) ^ {gfyb {gfyd 



rg*{b®d)- 

f*g\g*g*b®g^g*d) 

m 

rg*g*{g*b®g*d)- 



rg*{{gMgfyh®{gfUgfyd) 



to 



ng*b®g*d) 



(a) Id-ic 

rg*{gJJ*g*b(»gJJ*g*d) 

m 

-rg*g*U*rg*b®urg*d)- 

e 

-^nfj*g*b^fj*g*d) — 



(b) 



d-^c 



(c) 



■rg*gMrg*b®rg*d) 

e 

-^rurg*h®rg*d)- 



f*g*b®rg*d 



(a) is commutative by [TJ Lemma 1.13]. The commutativity of (b) is one of 
our assumptions, see [HI (3.6.7.2)]. (c) is commutative by [3, Lemma 1.14]. 
Commutativity of the other squares is trivial. Thus the whole diagram is 
commutative, and we are done. □ 

3.3 Lemma. Let f : X ^ Y be a symmetric monoidal functor between 
symmetric monoidal categories, and g : Y ^ X its adjoint. For 6 G X and 
d & Y , the diagram 

g{fb ® d) ^ gfb ® gd 

U £ 

g{fh ® fgd) ^ gf{b ® gd) b ® gd 

is commutative. 

Proof. Follows from the commutativity of the diagram 

gifb ® d) gifgfb ® fgd) ^ gf{gfb ® gd) ^gfb®gd. □ 

u ^^"^ 

U £ £ £ 

■ ' ^^-^ w - r 

9{fh ® fgd) g{fb ® fgd) gf{b ® gd) -^-^ b ® gd 

3.4 Lemma. Viewed as a functor onl , d : f[gb, ?] [b, ?]/ is right conju- 
gate to A : g(J ®b) ^ gl ®gb. In particular, if (/, g) is a Lipman symmetric 
monoidal adjoint pair, then d is an isomorphism. 

Proof. Follows from the commutativity of the diagram 
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tr 



tr (a) 



[b, f[gb, d] ® b] [b, fg{f[gb, d] ® b)] [b, f{gf[gb, d] ® gb)] , 



[fgb, f[gb, d] ® fgb] [b, f[gb, d] ® fgb] [b, fg{f[gb, d] ® fgb)] (b) 



[fgb, f{[gb, d] ® gb)] [b, f{[gb, d] ® gb)] [b, fgf{[gb, d] ® gb)] [b, f{[gb, d] ® gb)] 



[fgb, fd] 



[b, fd] 



[b, fgfd] 



[b, fd] 



id 



where the commutativity of (a) and (b) follows from [7J (1-32)] and 
Lemma [231 respectively. □ 

Consider that the diagram ([2]) is that of functors on b (consider that d is 
fixed), and then take a conjugate diagram, we immediately have: 

3.5 Lemma. Let S, ((?)*, (?)^,), /, and g be as in Lemma 13.21 Then for 
d E and e G X^, the diagram 



[d, {gf)*e] 



{9f)*[i9frd,e] 



[d, gj^e] g*[g*d, f^e] g*f*[f*g*d, e] 

is commutative. 

3.6 Lemma. Let S and ((?)*, (?)*) be as in Lemma [3.21 Let 

f 



□ 



X' 



f 



Y' 



Y 



be a commutative diagram in S. Then for b E X^, and d E X'^, the diagram 
fM9rb,d]^^f,[b,gid] ^ [f.bJWA 



gJiligTb, d] gma'yb, f'A — gAa^fA f'A 

is commutative. 
Proof. Consider the diagram 



[f*b,g*fid] 



f*9'A{9rb,d]^^fMi9'rb,9'A^^f4b,gid] 

(b) 



H 



H 



9Ji[{9rb,d] (-) [f.9:{9rb,fWA]^[f*b,fWA] 



H 



9Aa9')% fA — [9j:{9rb, 9JA ^ 

e (c) e 

9*[9*f*b, fid] [9*9* f*b, 9 J A] [f*b, gJA] 
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(a) is commutative by [H Lemma 1.39]. The commutativity of (b) and (c) is 
trivial, (d) is commutative by [TJ Lemma 1.24]. □ 

(3.7) Let f : X ^ Y he a, Lipman symmetric monoidal functor between 
closed categories, and g : Y ^ X its adjoint. We denote the composite 

fg[b, d] f[gb, gd] ^ [b, fgd] 

by e. 

3.8 Lemma. LetS, ((?)*,(?)*) and 

X'^^Y' 



X^^Y 

he as in Lemma [3.61 Then for b,d E X^, the diagram 

9*9*f*[b, d] — ^ g*g*[f*b, f^d] — ^ [f^b, g*g*f^d] 



ce 



cd 



□ 



USg'Y^ d] Mb, giig'yd] ^ [f.b, fMg'Yd] 
is commutative. 

Proof. Left to the reader. Use [3 (1.24)], [T, (1.39)], and fP, (1.59)]. 
3.9 Lemma. LetS, ((?)*,(?)*) and 

X'^^Y' 



X^^Y 

be as in Lemma [3.61 Assume that ((?)*, (?)*) is Lipman. Then for b,d E Y^,, 
the diagram 

9*fJ*[b,d]^^g*[bJJ*d] [9*b,9*f.f*d] 



de 



fl{f'yg*[b,d]^fl{fr[9*b,g*d] [g*bj:{f'rg*d] 



is commutative. 
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Proof. Left to the reader. Use [3 (1.26)], [T, (1.54)], and fT, (1.59)]. □ 

3.10 Lemma. Let I be a small category, and f : X ^ Y a morphism of 
1°^ -diagrams of schemes. Then for A4 G Mod(y) and Af G Mod(X), the 
composite 

^ : L Horn. .., (f*MM)^ Horn.. ., ( rM , fM) ^ R Hom^^ JM. fM) 
is an isomorphism. 

Proof. This is an immediate consequence of Lemma 13.41 □ 

3.11 Lemma. Let L be a small category, and f : U X be an open immer- 
sion of L"^- diagrams of schemes. Let Ai^M E Mod(X). If either 

(i) M. is equivariant; or 

(ii) / is cartesian, 
Then the canonical map 

P : r Hom^^(A^,Ar) ^ Hom^^(rA^,/W) 

is an isomorphism of presheaves. In particular, it is an isomorphism of 
sheaves. 

Proof, (ii) Taking the section at {i,V), where i E I and V G Zar(f/j), it 
suffices to show that the map induced by the restriction 

(3) Homzar(X)/(i,y)(-^|(iy), A/'|(jy)) Homzar{(7)/{jy) (-^ I (i,y) 5 A/"] (jy)) 

is an isomorphism, see the description of P in [HI (2.8)]. But as U is cartesian, 
Zai{U)/{i, V) ^ Zar{X)/{i, V) is an equivalence. Indeed, if (j, W) — > (z, V) 
is a morphism in Zar(X), it must be a morphism in Zar{U). Thus ([3]) is an 
isomorphism, and we are done. 

(i) Similarly to the proof of [9l (2.13)], the problem is reduced to the case 
of single schemes. Then the assertion follows from (ii) immediately. □ 

3.12 Lemma. Let ((?)*, (?)*) be a Lipman monoidal adjoint pair on a cate- 
gory S where X* is closed for every X E S. For morphisms g : X ^ Y and 
f : Y ^ Z of S and a,b E Z* , the composite 

fj*[a,b]^[ajj*b]^[aj,g,g*f*b] 
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agrees with the composite 

fj*[a,b] ^ f.g.g*r[a,b] ^ ifgUfgria^b] 

h{fgUf9rb]^[aJ.g.g*rb]. 
Proof. Left to the reader. Use [H (1.39), (1.54), (1.56)]. □ 

3.13 Corollary. Let ((?)*, (?)*) and g : X ^ Y be as m Lemma [3ll2l Then 
the composite 

[a,b] ^ g^g*[a,b] [a, g^g*b] 

is u. 



□ 



Proof. Let / = id in Lemma [3. 121 

3.14 Lemma. Let I he a small category, X an 1°"^ -diagram of schemes, 
f : U ^ X an open suhdiagram. Let A4,J\f E Mod(X), and consider the 
map 

If f is cartesian or M. is equivariant, then (5 is an isomorphism. 
Proof. Note that & is the composite 



P is an isomorphism by Lemma 13.111 ^9 is an isomorphism by Lemma 13.101 
So (& is an isomorphism. □ 

(3.15) Let J be a small category, X an /"^-diagram of schemes, f : U ^ 
X an open subdiagram, and g : V ^ U an open subdiagram. Then for 
M,Af e Mod(X), the diagram 



(4) 











EomaAM,TuyAf) 



fj* Eom^, {M , AT) ^ ^ Homc,^ {M , / J W) 



f*9*g*f*EomoA^'^) 



EorriaJM,f,g,g*f*Af) 
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is commutative with exact columns by Lemma I3.12[ So there is a unique 
natural map 



(5) S) : Tuy Eoma^ {M,M) Homc,^ {M , T^jy M) 

such that if) = (3l. 

3.16 Lemma. Let the notation be as in fl3.15p . If both f and g are cartesian, 
or M. is equivariant, then $^ in <^ is an isomorphism. 

Proof. Follows from Lemma 13.141 and the five lemma applied to the diagram 

(SD- □ 

(3.17) Let / be a small category, and / : f/ ^ X be an open immersion of 
/°p_diagram of schemes. Then r((z, V), f^M) = T{{i, V),M) for M G 
almost by definition, where ^ = PM or Mod. Thus if j : ZarU ZarX 
is the inclusion, then f^ = j*. Thus f^ has a left adjoint j^, as well as 
the right adjoint Hence f^ preserves arbitrary limits as well as arbitrary 
colimits. We denote by f or /, by an obvious reason. 

Note that T{{i,V), ff^{M)) is r((i, 1/), A^) if \/ C t/i, and zero iiV (^Ui. 
In particular, ff^ is exact. 

Note also that we have a commutative diagram 

Zar(t/0 Zar([/) , 



Zar(X,) S Zar(X) 

where Q{X, i) and Q{U, i) are obvious inclusions, see [3, (4.5)]. By [7, (2.57)], 
Lipman's theta [7, (1.21)] 9 : 3^Q{U,i)* Q(X,z)#jP^, namely, 9 : 
(/i)r(?). ^ (?)^/!^'' at (z, V) is the identity of r((^, \/), A^) if \/ C f/„ and 
zero otherwise. In particular, 9 is an isomorphism. 

Note that /,^°'^ = jf""" = ajl^q = aff^q. By [7, (2.59)], 9 : (7)^/,^°'^ ^ 
(/j)f'°'^(?)j is an isomorphism. It is well-known that {fi)f^°'^ is exact, and 
hence f^"'^ is exact. 

Since f^ has an exact left adjoint f , f^ preserves injectives and K- 
injectives for 'v' = PM, Mod. 

3.18 Lemma. Let the notation be as in f l3.15p . Then f*, (fg)*, andVjjy 
preserves arbitrary limits. 
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Proof. By the discussion in fl3.17l) . /* and (fg)* preserves limits. 
Now let (Aix) be a system in Mod(X). Then 

^Huy ^j^Mx / J* limA^A f*9*9*r Im-M; 



. hm r^^^ Mx lim fJ*Mx lim f.g.g*rMx 

is a commutative diagram with exact rows. By the five lemma, y preserves 
limits. □ 

(3.19) Let the notation be as in (13.151) . For a complex F in Mod(X), a 
natural map 

: F^,,. Hom^^ (F, ?) Hom^^ (F, ?) F^^^ 

between functors on the category of complexes in Mod(X) is defined. By 
Lemma 13.181 and Lemma 13.161 it is an isomorphism if / and g are cartesian, 
or F is a complex of equivariant sheaves. Similarly, 

6 : /J*Hom^^(F,?) ^ Hom^^(F,?)/J* 

and 

d-'c&dc-' : f.g.gy* Eom^^{¥,?) ^EomoA^^^)f*9*g*r 

are induced. 

3.20 Lemma. Let (X, Ox) be a ringed site, F a complex of Ox-modules, 
and G a K-injective complex of Ox-niodules. T/ien Hom^^ (F, G) is weakly 
K-injective. 

Proof. Let HI be any exact i^-fiat complex. Then 

Homn^fH, Hom ,o..(F, G)) ^ Homo^(H ® F, G) 

is exact, since EI ® F is exact |71 Lemma 3.21, 2] and G is ii'-injective. By 
[71 Lemma 3.25, 5], HomQ^(F, G) is weakly i^-injective. □ 

3.21 Lemma. The canonical maps 

C : i?(r^y Homo^(F,?)) ^ i? 1^,^ Honic,^ (F, ?), 
C : ^(/*r Hom0^(F,?)) ^ Hom^^ (F, ?), 
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and 



C : i?(/*^?*^?7*Hom0^(F,?)) ^ RhRg.g* TR-^om^A^^^'. 



are isomorphisms. 

Proof. For a i^-injective complex G, Honi0^(F, G) is weakly ii'-injective. So 
it is i^-flabby, and F^y-acyclic [9l (4.3)]. In particular, /* Hom0^(F, G) and 
q* f* Hom ^p,, (F, G) are i^-limp by P| (4.6)], and the assertion follows. □ 

(3.22) By the lemma, the composite 



9) : i?r^,vi?Homc,^(F,?) ^ RiV^y-^o^^^ ^^■)) 

,ax(F>?)r^,y)^^^o. 



i?(Hom^^(F,?)r^^J ^ ^Home,^(F,?)i?r^^y 



is defined. Similarly, 

6 : /?/J*i?Homc,^(F,?) i?Homc,^(F, ?)i?/J* 

and 

d-'c(5dc-' : /?/*i?^?*^77*i?Hom<p^(F,?) ^ i?Hom^^(F, ?)i?/,i?^,r?7* 
are induced. Note that 

(6) 



RT^yRBomo^i^,'^) 



^ ^REomoA^^'^)R^uy 



Homo^(F,?) 



i?/*^^7*^77*^Homo^(F,?) REomaj¥,?)Rf,Rg,g*r 



i?Homc,^(F,?)i?/J* 



i?r^,y^Hom0^(F,?)[l]^i^i?Homc,^(F, ?)i?r^,v[l] 
is a commutative diagram with columns being triangles. 

3.23 Lemma. Let I be a small category, and f : X Y a morphism of 
I""^ -diagrams of schemes. Then the composite 

d : Hom0^(L/*F, G) ^ RRomr^jRLLrW, RLG) 

A REomrn,A¥,RLG) 
is an isomorphism between functors on D{Yy^ x D{X). 
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Proof. This is an immediate consequence of [H (1.49)] and [3 (8.23), 5]. □ 

3.24 Corollary. Let f : U ^ X be a cartesian open immersion. Then 

P : /*i?Homo^(F, G) ^ i?Homo^(/*F, /*G) 
is an isomorphism for any F, G G D{X). 

Proof. If G is a i^'-injective complex in K{X), then so is /*G by fl3.17p . So 
it suffices to show that 

rHomo^(F,G) ^Homc,^(rF, f*G) 

is an isomorphism of complexes, if F and G are complexes in Mod(X). This 
follows from Lemma [3.111 and the fact that /* preserves direct product. □ 

3.25 Lemma. Let I be a small category, and f : X Y a morphism of 
1°^ -diagrams of schemes. LetW and G be objects in D{Y). Assume that one 
of the following holds: 

(i) / is locally an open immersion, ¥ G Dem{Y), o-nd one of the following 

holds: 

(a) G G D+{Y)- 

(b) F G Dly,{Y); 

(C) GGZ^Lqc(l^). 

(ii) / is flat, Y is locally noetherian, G G D^{Y), and F G D^^^(Y). 

(iii) / is flat, Y is locally noetherian, F G Dqo^{Y), and both G and f*G 
have finite injective dimension. 

Then the canonical map 

P : ri? Homc,^(F,G) ^ REomaM*¥, f*G) 
is an isomorphism. 
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Proof. Similarly to [7J Lemma 1.59], using [TJ Lemma 1.56], it is easy to 
prove that the diagram 

Homc,^(F,G) Homc,^(/*F,/*G) 
/;(?).i?Homa.(F,G) i?Hom^^X(?)./*F, (?)./*G) 

is commutative for i & I. Note that the vertical morphisms are isomorphisms 
by [3 (13.9)] and [3 (6.25)]. So in order to prove that the top P is an iso- 
morphism for each z G /, it suffices to prove the bottom P is an isomorphism. 
So we may assume that the problem is on single schemes. 

(i) We may assume that / is an open immersion. Then this is a special 
case of Corollary I3.24[ 

(ii) This is (5.8)]. 

(ill) This follows from (ii) and the way-out lemma ([H Proposition 1.7.1, 
(iii)]). □ 

3.26 Theorem. Let I be a small category, X an I°^-diagram of schemes, 
f : U "—^ X an open subdiagram, and g : V U an open subdiagram. Let F 
and G be in D{X). If one of the following holds, then 

9) : RTrryR }iora,n J¥,7) ^ i^ Hom.. JF, ?)i?r..,. 

is an isomorphism: 

(i) / and g are cartesian; 

(ii) F G D-^ui^), o-nd one of the following hold: (a) G G D^{X); (b) 

FGD+mW;(c) GGDLqc(X). 

Proof. By Lemma [3.231 and Lemma [3.251 the two maps dP and d~^cdPdc~^ 
in ([6]) are isomorphisms. As the columns of ([6]) are triangles, the third 
horizontal map is also an isomorphism. □ 
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4. Matlis duality and the local duality 

Let S" be a scheme, G an S'-group scheme, (X, Y) a standard G-local G- 
scheme. That is, X is a standard G-local G-scheme, and Y is its unique 
minimal closed G-subscheme. We denote the inclusion F > X by j. 

We denote the defining ideal sheaf of Y by I. Thus X is the unique G- 
maximal G-ideal of Ox- We fix the generic point of an irreducible component 
of Y and denote it by ?]. 

4.1 Lemma. LetC be a class of noetherian local rings. Assume that if A G C 
and B is essentially of finite type over A, then B & C. Let ¥{A,M) he a 
property of a pair (A, M) of a finitely generated module M over a noetherian 
local ring A such that A & C. Assume that 

(i) If AeC, P(A,M) holds, and P G Spec A, then ¥{Ap,Mp) holds. 

(ii) If A E C, M a finite A-module, and A —>■ B is a flat local homomor- 

phism essentially of finite type with local complete intersection fibers 
{resp. geometrically regular fibers), then F{A,M) holds if and only if 
F{B,B0aM) holds. 

Assume that the all local rings of X belong to C. For M. G Coh(G, X), if 
P(Cx,r7, holds {resp. F{Ox,rj, -Mri) holds and either the second projection 
P2 : G X X ^ X is smooth or S = Spec k with k a perfect field and G is of 
finite type over S), then F{Ox,x, -Mx) holds for any x G X. 

Proof. Let Z be the unique integral closed subscheme of X whose generic 
point is X. Let Z* be the unique minimal closed G-subscheme of X containing 
Z, see As rj E Y (Z Z* , there exists some irreducible component Zq of Z 
such that r] G Zq. Let ( be the generic point of Zq. Since F{Ox,r], -Mr,) holds 
and C is a generalization of r], P(Ox,C) -^c) holds. Then by [S^ Corollary 7.6], 
nOx,x,Mx) holds. ' □ 

4.2 Corollary. Letm, n, and g be non-negative integers or oo. Then 

(i) Let M. G Coh(G, X), and assume that M.^) is maximal Cohen-Macaulay 

{resp. of finite injective dimension, projective dimensionm, dim — depth = 
n, torsionless, reflexive, G- dimension g , zero) as an Ox,ri-^odule. Then 
M.X is so as an Ox^x-T^odule for any x G X. 

(ii) IfOx,'q is a complete intersection, then X is locally a complete intersec- 

tion. 
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(iii) Assume that p2 : G x X ^ X is smooth or S = Spec k with k a perfect 
field andG is of finite type over S . IfOx,-q is regular, then X is regular. 

(iv) In addition to the assumption o/(iii), assume further that X is a locally 
excellent ¥p- scheme, where p is a prime number. IfOx,r) is F -regular 
{resp. F -rational), then the all local rings of X is F -regular {resp. F- 
rational) . 

Proof, (i) Let C be the class of all noetherian local rings, and P(A, M) be 
"M is a maximal Cohen-Macaulay A-module." We can apply Lemma 14.11 
Similarly for other properties. 

(ii) Let C be the class of all noetherian local rings, and F{A, M) be "A is 
a complete intersection." Then as F{Ox,ri, 0) holds, F{Ox,x, 0) holds for any 
xeX. 

(iii) Let C be the class of all noetherian local rings, and F{A, M) be "A 
is regular." 

(iv) Let C be the class of all excellent noetherian local rings of charac- 
teristic p, and P(A, M ) be "A is F-regular" (resp. "A is F-rational" ) . □ 

4.3 Corollary. The stalk functor (?)^ : Qch(G, X) Mod{Ox,^) is faith- 
fully exact. 

Proof. The exactness is well-known. Let M. G Qch(G, X) and assume that 
M. ^ Q. Then as Qch(G',X) is locally noetherian and its noetherian object 
is nothing but a coherent (G, Ox)-module, M. contains a nonzero coherent 
(G, C»x)-submodule U. Then by Corollary S^l A^^ D A/"^ ^ 0. This shows 
that (?)^ is faithfully exact. □ 

4.4 Remark. Formally, (?)^ is a functor from Qch(G,X) = Qch(i?(^^(X)), or 
more generally, from Mod(G,X) = Mod(5^^(X)) to Mod(Ox,r,), and is the 
composite 

Mod(S^^(X)) ^ Mod(S^^(X)o) = Mod(Xo) ^ Mod(Spec C^.r,), 

where h : Spec Ox^-q — ^ Xq is the inclusion. Thus (?),, is sometimes written 
as (?)^(?)o, where (?)^ means h* . 

4.5 Corollary (G-NAK). Let M E Coh(G,X). // j*M = 0, then M = 0, 
where j : Y "-^ X is the inclusion. 

Proof Since j*M = 0, M/IM = 0. So Al^/J,,Ai^^ = 0. By Nakayama's 
lemma, Mr, = 0. By Corollary g^l M = 0. □ 
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4.6 Proposition. A standard G-artinian G-scheme is Cohen-Macaulay. 



Proof. By Lemma r2.20[ we may assume that the G-scheme is G-local. So let 
X be a G-artinian G-local standard G-scheme. Let Y, r], and X be as above. 

Then = J, since I is the only G-prime ideal (for the definition and 
basic properties of v^, see |8l section 4]). So Y = X, set theoretically. 
Thus rj is the generic point of an irreducible component of X. So Ox,r] 
is an artinian ring, and hence is Cohen-Macaulay. By Corollary 14. 2[ X is 
Cohen-Macaulay. □ 

4.7 Corollary. Y is Cohen-Macaulay. 

Proof. Since Y is G-artinian G-local standard, the corollary follows immedi- 
ately from Proposition 14.61 □ 

(4.8) From now on, we assume that X has a G-dualizing complex Ix (see 
[71 (31.15)]). For a G-morphism f : X' ^ X which is separated of finite type, 
we denote fix by Ix', where f' is the twisted inverse functor B'^^f)' (see [TJ 
chapter 29]). Note that Ix' is a G-dualizing complex of X' fl', Lemma 31.11]. 
By [3, Lemma 31.6], Ix', viewed as a complex of Ox' -modules, is a duahzing 
complex of X'. 

Since Oy,-^ is Cohen-Macaulay, there is only one i such that if*(Iy)^ 7^ 0. 
This is equivalent to say that if*(Iy) 7^ 0. If this i is 0, then we say that Ix 
is G-normalized. If X has a G-dualizing complex, then by shifting, X has a 
G-normalized G-dualizing complex. 

From now on, we always assume that Ix is G-normalized. 

4.9 Lemma. Ix^n is a normalized dualizing complex of the local ring Ox,ri- 
In particular, H^{Ix,n) is the infective hull of the residue field k{7]) of Ox,r), 
where m,, is the maximal ideal of Ox-q- 
Proof. Since Ix is a dualizing complex, Ix,,, is also a dualizing complex of 
Ox,ri- We prove that Ix,r; is normalized. Let D be a normalized dualizing 
complex of C^x,??, and set Ix,r? — D[r]. We want to prove that r = 0. 
Consider the commutative diagram 

X Spec Ox,n ■ 

3 "3' 
Y -^-^ Spec OY,r) 
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By the commutativity with restrictions [H Proposition 18.14], 

The Maths dual of the last module is if~^(Oy^,,), by the local duahty O 
(V.6.3)]. Since is an (9x,»y-module of finite length, //^(Oy ,,) 7^ implies 
r = 0. ' ' ' □ 

4.10 Lemma. 'HX^{lx) = /or i 7^ 0, and H_Y(Ix)ri is the injective hull of 
the residue field K{ri) of the local ring Ox,r]- 

Proof. By [9], Theorem 6.10], 

m{lx)\ = H\{l\RVylx) = H\RTj^i7),Ix) = H^^{lx,,). 

Since lx,ri is a normalized dualizing complex of Ox,??, the last module is zero 
if 2 7^ and is the injective hull of the residue field n{ri) of the local ring Ox,'q 
if z = 0. As is faithfully exact, we are done. □ 

(4.11) We set 8 := ^y(Ix), and call it the G-sheaf of MatUs. Note that 
the definition of S depends on the choice of Ix- Note also that is the 
injective hull of the residue field of Cx,r;- 

4.12 Lemma. S is of finite injective dimension as an object ofMod{G,X). 

Proof. We may assume that Ix is a bounded complex of injective objects. By 
Lemma r4.10[ S is isomorphic to ry(Ix) in D{X). On the other hand, T_y{^x) 
is quasi-isomorphic to J = Cone(Ix — > /*/*Ix)[— 1], where f : X \ Y ^ X 
is the inclusion. As f^^f* has an exact left adjoint /;/* (see (13.171) ). J is a 
bounded injective resolution of □ 

4.13 Lemma. ExtU J M,S) = for i > and M e Coh(G,X). 

Proof. Ext ]n,AM.,S)r, = Ext^^ {A4ri,^rt)- As Sr^ is injective, we are done. 

□ 

4.14 Corollary. D := Hom ^^,, (?, S) is an exact functor on Coh(G',X). 

4.15 Lemma. For Ai G Qch(G, X), the following are equivalent: 

(i) Ai is of finite length; 

(ii) M e Coh(G,X), andl'^M = for some n. 
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(iii) A4rj is an Ox^'q-module of finite length; 

Proof, (i)^(ii) As M. is of finite length, it is a noetherian object. Hence it 
is coherent by [71 Lemma 12.8]. As M. is also an artinian object, X"7V1 = 
X'^^^M. for sufficiently large n. By Corollary 14.51 X'^M. = 0. 

(ii)^(iii) As A4 is coherent, J^rj is a finitely generated Ox.rj-module. 
Since X^A^^ = 0, the support of Ain is one point, and hence Ai-q is a module 
of finite length. 

This is because (?),, is faithfully exact. □ 

(4.16) We denote by JF the full subcategory of those objects A4 G Qch(G', X) 
such that the equivalent conditions in the lemma are satisfied. 

4.17 Theorem (Matlis duality). SetB := Hom ,o..f?, g). Then 

(i) D is an exact functor from JF to itself. 

(ii) = Id as functors on T . In 'particular, YS> : T ^ T is an anti- 
equivalence. 

Proof, (i) If G J^, then D(A^) = Hom. o., g) is in Qch(G,X), and 
Hom ^p,, (Af, = Homo^ £r,) is of finite length, because this module is 

the Matlis dual of the module A^,y, which is of finite length. So the condition 

(iii) in Lemma [4.151 is satisfied, and hence D(A1) G T. The exactness of D 
is already checked. 

(ii) Let 2) : ^ DDAl = Hom ,o„ f Hom,o ., (MX)X) be the canonical 
map, see (12. 2p . Note that by Lemma [2.51 and Lemma [2.7[ applying (?)^ to 
this map, we get the duality map D : M.j^ — > Homo_y ^(Homo^^ ^(Alr,, £^), £^), 
which is an isomorphism, since E^, is the injective hull of the residue field ^(r/). 
Since (?)^ is faithful, 2) : — > DDAl is an isomorphism. □ 

4.18 Theorem (Local duality). For F G Dcoh(G', X), the composite 

: RVy¥ ^ RTyR Hom. -.., {R Hom ,o.. (F, fly), Ix) ^ 
R Hom^^ {R Homo^ {¥Jx),RTyW = R '^o^ (R Eomo^ {^M,S) 

is an isomorphism. It induces an isomorphism 

^V(F) = Home,^(Ext^^(F,Ix),^) 

for each i G Z. 
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Proof. D in the composition is an isomorphism by [TJ (31.9)]. is an iso- 
morphism by Theorem 13.261 (i). Thus d is an isomorphism. 

To prove the second assertion, it suffices to show that 

where G = i? Hom ,o..(F, Ix)- Note that G G Dcoh{X) by ^ (31.9)]. Let J be 
a bounded injective resolution of £ (it does exist, see Lemma l4.12p . Consider 
the spectral sequence 

Ef'" = gP(Hom,o.,(ij'-^(G),J)) ^ Extff(G,g). 

By Lemma 14.131 = for p 7^ 0, and the spectral sequence collapses, and 
we get the desired assertion. □ 

4.19 Lemma. Let¥ G Dcoh(-^)- Then the diagram 

(?),(?)o^r^(F)^-(?),(?)oi?Hom^^(i?Hom^^(F,Ix),^) 

PH 

S^-i i?Homa^^((?)^(?)oi?Homc,^(F,Ix),^,) 

RT^ (F,) 5 R Homo^„ (i? Homo^,, (F„ I^,,) , S,) 

is commutative {see for the definition 0/7 and 6, see P, section 4] and [9l 
(6.1)], respectively). 

Proof. Note that H"^ in the diagram exists by [71 (13.9)]. The P~^ ex- 
ists by Lemma [3.251 (iii). The commutativity of the diagram follows from 
Lemma [2.51 and Lemma [2.71 immediately. □ 

5. An example of graded rings 

(5.1) Let (-R, m) be a noetherian local ring with a normalized dualizing 
complex Ifi. Set 5* = Speci?. Let if be a fiat i?-group scheme of finite 
type, and G = Gm x H. Let A be a G-algebra. So A is Z-graded and each 
homogeneous component is an ii-submodule of A. Assume that A = 0j>g Ai 
is N-graded and Aq = R. Let vr : A ^ S* be the canonical map, where 
A := Spec A. Set := tt'Ir. 
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5.2 Lemma. Under the notation as above, X is G-local, and Ix is G- 
normalized. 

Proof. Let / be a proper G-ideal of A. Then 7 is a homogeneous ideal, 
and is contained in the unique graded maximal ideal Wl :— m + A^, where 
A+ = 0j>o ^i- Clearly, 9Jt is a G-ideal, and hence is the unique G-maximal 
G-ideal. So X is G-local. 

Let (fi : S ^ X he the closed immersion induced hy A ^ A/A^ = R. Let 
■0 : y — > be the closed immersion induced by it! — > i?/m = A/Tl, where 
Y — Spec A/Wt. Then since ttc/? = ids. 

So H''{Iy) = Exf^(i?/m, Ir), whose Maths dual is Hi^{R/m). This is nonzero 
if and only if i = 0. Thus Ix is G-normalized. □ 

(5.3) For a finite i?-modulc V, set V"^ := Hom/j(V, where Eji is the 
injective hull of the residue field R/m of R. For an A-finite G-module M, 
set = lim HomR (M/OJl"M, Er). As each M/M^M is an i?-finite (G, A)- 
module, each Homj^(M/9Jt"M, Er) is a (G, y4)-module, and hence is also 
a (G, A)-module. It is easy to see that ^ HomA(M, A^). Note that the 
degree i component of is m1^. That is, = 0iez-^-i- 

5.4 Lemma. is isomorphic to Ea '■— r{X,£) as a {G, A) -module. 

Proof. We may assume that Ir is the normalized fundamental dualizing com- 
plex. We have 

(7) S = HUIx) = lim Ext^^(C»x/X", Ix) 

= hmH\{'^j;r^).i^WIs) = limExt°^(>l/9J^^ Ir)~, 

where tjjn ■ Spec A/OJl" — > Spec74 is the canonical closed immersion, and (?)~ 
denotes the quasi-coherent sheaf associated to a module. On the other hand, 
A/VJl^ has finite length as an i?-module, so 

Ext^RiA/M'^M) = H^{RomR{A/m^,lR)) = H\EomR{A/W\rjiR)) 

^ H\}lomR{A/m'',ER)) = HomR(/l/9Jl^Ei^). 

We prove that the map RomR{A/M^, Er) HomR(A/9Jl", E'^) in the 
inductive system is induced by the projection A/WH"' A/^^ for n > m. 
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Note that Ext^^ (C»x/X"", Ix) ^ Ejct^^ (C»x/X", Ix) in (CD is induced by the 
projection. So by the description of the twisted inverse for finite morphisms 
[3, (27.7)], the map {ipm)*i^m ~^ (^n)*V'n is induced by the counit map. That 
is, the map is the composite 

where ipn,m '■ Spec A/OJl'" SpecA/OJl" is the map induced by the projec- 
tion. So again by [3 (27.7)], the map Ext?j(A/aJl"^, I^) Ext°j(A/aJl", I/j) 
in ([7j) is also induced by the projection, and we are done. 
Hence 

Ea = lim HomR(A/nJt", Er) = A". □ 

5.5 Corollary. Assume that A is Cohen-Macaulay and dim A = d. Set 
r{X, H~'^(Jx)) to be uja- For a A-finite {G , A) -module M, the canonical 
map 

d:W^{M)^Ext'i-'{M,UAy 

is an isomorphism of {G, A) -modules. That is, this isomorphism preserves 
grading and H -action. 

5.6 Remark. Assume that i? = is a field. Let Q be the full subcategory of 
(G, y4)-modules consisting of M such that Mj is finite dimensional for every 
i. Then we define = Sig^Ml- for M e ^, where Ml- = Homfc(M_i, k). 
We have an isomorphism $ : *Homyi(M, A^) M^. See for the notation 
*HomA, p. Note that 

$„ : *Hom^(M, A^)„ = *Hom^(M(-n), A^)o 

^ Homfc(M_„, Al) = Homfc(M_„, k) 

is given by the restriction. It is easy to see that (?)^ is an anti-equivalence 
from Q to itself. This also gives an anti-equivalence between the category of 
noetherian [G, 74)-modules to that of artinian [G, y4)-modules. This is not 
contained in Theorem I4.17[ which treats only objects of finite length. 

5.7 Example. Let k be an algebraically closed field of characteristic two, 
and we set R = k and 5* = Speci?. Let V = k^, and H = GL{V). Let 
A = Sym V, and X = V* = Spec A. Then A2 is not injective as a G-module. 
So Ea = 0j>o is not injective as a G-module either. So Ea is not injective 
as a (G, A)-module either by [6l Corollary II. 1.1. 9]. In particular, Ea is not 
the injective hull of A/DJl as a (G, yl)-module. 
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